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Abstract
A parabolic representation of the free group F2 is one in which
the images of both generators are parabolic elements of PSL(2,C).
The Riley slice is a closed subset R ⊂ C which is a model for the
parabolic, discrete and faithful characters of F2. The complement of
the Riley slice is a bounded Jordan domain within which there are
isolated points, accumulating only at the boundary, corresponding
to parabolic discrete and faithful representations of rigid subgroups
of PSL(2,C). Recent work of Aimi, Akiyoshi, Lee, Oshika, Parker,
Lee, Sakai, Sakuma & Yoshida, have topologically identified all these
groups. Here we give the first identified substantive properties of the
nondiscrete representations and prove a supergroup density theorem:
given any irreducible parabolic representation ρ∗ : F2 → PSL(2,C)
whatsoever, any non-discrete parabolic representation ρ0 has an ar-
bitrarily small perturbation ρ so that ρ(F2) contains a conjugate of
ρ∗(F2) as a proper subgroup. This implies that if Γ∗ is any nonelemen-
tary group generated by two parabolic elements (discrete or otherwise)
and γ0 is any point in the complement of the Riley slice, then in any
neighbourhood of γ there is a point corresponding to a nonelementary
group generated by two parabolics with a conjugate of Γ∗ as a proper
subgroup. Using these ideas we then show that there are nondiscrete
parabolic representations with an arbitrarily large number of distinct
Nielsen classes of parabolic generators.
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1 Introduction.
Given a finitely generated group Γ,
Γ = 〈g1, g2, . . . , gn|ri = 1, i = 1, . . .m〉,
the set of all representations of Γ in PSL(2,C) is denoted by R(Γ), and it is
called the variety of representations of Γ. R(Γ) has a natural structure as an
affine algebraic set over the complex numbers C via the natural embedding
R(Γ) 3 ρ 7→ (ρ(g1), . . . , ρ(gn)) ∈ PSL(2,C)× · · · × PSL(2,C)
with the defining equation induced by the relations of Γ = 〈g1, g2, . . . , gn|ri =
1, i = 1, . . .m〉. Notice that by Scott’s Theorem a finitely generated subgroup
of PSL(2,C) is finitely presented [23], so there are finitely many defining
equations. The action of PSL(2,C) by conjugation on R(Γ) is algebraic,
but the quotient R(Γ)/PSL(2,C) may not be Hausdorff and so one typically
considers the algebraic quotient of invariant theory since the group PSL(2,C)
is reductive. This quotient is denoted X(Γ) – an affine algebraic set with a
regular map inducing an isomorphism R(Γ)→ X(Γ). Given a representation
ρ ∈ R(Γ) its character is the map
χρ : Γ→ C, Γ 3 g → χρ(g) = tr2(g) ∈ C
In what follows we denote the free group on two generators (typically a and
b) by F2,
F2 = 〈a, b〉
and it is well known that X(F2) ∼= C3. In fact, given a representation
ρ : F2 → PSL(2,C) the three complex numbers
γρ = tr[ρ(a), ρ(b)]− 2, βρ(a) = tr2(ρ(a))− 4 and βρ(b) = tr2(ρ(b))− 4
uniquely determine ρ(F2) ⊂ PSL(2,C) up to conjugacy away from the locus
{γρ = 0}, (see e.g. [8, 18], but really a consequence of the Fricke identities
[7]). It is an elementary fact, (see e.g. [5]) that γρ = 0 if and only if the
representation ρ is reducible.
We call the triple (γρ, βρ(a), βρ(b)) the principal character of ρ and a
parabolic representation of F2 is ρ ∈ R(F2) for which βρ(a) = βρ(b) = 0.
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Theorem 1 An irreducible parabolic representation ρ ∈ R(F2) is uniquely
determined up to conjugacy by γρ ∈ C \ {0} and the image is conjugate to
the group 〈f, g〉 where
f = ±
[
1 1
0 1
]
, g = ±
[
1 0
zρ 1
]
, and γρ = z
2
ρ. (1)
Notice that γρ is an invariant of the Nielsen class of generating pairs. In
this way the set of conjugacy classes irreducible parabolic representations
in X(F2) (call it P (F2) ⊂ X(F2)) is naturally identified with C \ {0}, and
this identification gives a Hausdorff topology on P (F2), via the identification
P (F2) 3 ρ↔ γρ ∈ C \ {0}.
So identified, the space P (F2) is further partitioned into three sets corre-
sponding to the discrete and free representations, discrete but not free, and
the nondiscrete representations. We discuss the first two briefly as our main
results pertain to the third class.
1.1 Discrete and free points of P (F2).
We need to define the Riley slice. The group PSL(2,C) acts on the 2-
sphere by linear fractional transformations - that is as the group of conformal
homeomorphisms of S2 - Mo¨bius group, M(S2),
PSL(2,C) 3 ±
[
a b
c d
]
↔ az + b
cz + d
∈M(S2).
Given a discrete subgroup Γ ⊂ M(S2), the action of Γ on S2 partitions the
sphere into two regions. The ordinary set ΩΓ, an open set where the action
is discontinuous, and its complement the limit set ΛΓ where the action is
chaotic. It is possible that ΩΓ = ∅. However when ΩΓ 6= ∅, ΩΓ/Γ = Σ is a
Riemann surface. Define
Γz =
〈[ 1 1
0 1
]
,
[
1 0
z 1
]〉
⊂ PSL(2,C) (2)
and then the Riley slice
R = {z ∈ C : ΩΓz/Γz is the four times punctured sphere}.
We know that all the groups Γz, z ∈ R, are quasiconformally conjugate
(see, for example, [6]) so R is connected and is in fact the quotient of the
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Teichmu¨ller space of the four times punctured sphere by the subgroup of the
mapping class group generated by Dehn twists about a curve which separates
the punctures in pairs, [16]. This Teichmu¨ller space is simply connected and
so R is topologically an annulus. At each point Λ(Γz) is a Cantor set and Γz
is isomorphic to F2, the free group on two generators. Jørgensen’s theorem
on algebraic limits [13] shows that R is precisely the set of discrete parabolic
representations of F2. Indeed, if z ∈ ∂R, then ΩΓz/Γz is a pair of triply
punctured spheres are called ‘cusps’ - the cusps of Figure 1 below [14, 15], or
if z is not a cusp, then Ωz = ∅ and Γz is called degenerate. The Riley slice is
symmetric under complex conjugation and as γ(f, g) = z2 we have −R = R.
Lyndon and Ullman were the first to make substantial advances in the
study of this set, [17], though there was earlier work of Sanov (1947), Chang,
Jennings & Ree (1958) and Brenner (1961). But it was Riley’s computa-
tional investigations and the remarkable connections to knot theory which
really aroused mathematical interest. The important results of Ohshika and
Miyachi [19], Keen and Series, [14] and also of Akiyoshi, Sakuma, Wada &
Yamashita [4] have shown us that the interior, int(R), is conformally equiv-
alent to C \D ∼= D \ {0} and ∂R is a topological circle. Each point of int(R)
corresponds to a geometrically finite group Γ generated by two parabolics.
 
Figure 1. The Riley slice (shaded region) is symmetric about the origin and
its complement meets the real line in the interval [−4, 4] and the imaginary
axis in [−2, 2]. From David Wright.
Presumably the hyperbolic metric on R ⊂ C is equivalent to the Te-
ichmu¨ller metric.
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1.2 Discrete but not free points of P(F2).
Recently Akiyoshi, Oshika, Parker, Sakuma & Yoshida, [3], and also Aimi,
Lee, Sakai & Sakuma [2], have given complete proofs of the classification of
all of these groups, as announced by Agol, [1]. Historically, Riley’s study
of Kleinian groups generated by two parabolic transformations [21, 22], and
especially the construction of the complete hyperbolic structure on the figure-
eight knot complement, inspired Thurston to establish the uniformisation
theorem for knots which are not either a torus knot or a satellite, and more
generally Haken manifolds, [28].
The classification theorem is as follows - it basically shows that all Kleinian
groups generated by two parabolics are near relatives to the two bridge knot
and link groups.
Theorem 2 A non-free Kleinian group Γ is generated by two parabolic ele-
ments if and only if one of the following holds.
• Γ is conjugate to the hyperbolic 2-bridge knot or link group,
G(r) = pi1(S3 \K(r))
for some rational slope r = q/p, where p and q are relatively prime
integers with q 6= ±1(mod p)
• Γ is conjugate to the Heckoid group, G(r;n), for some rational r and
some n = p/2, p ≥ 3.
Further, every hyperbolic 2-bridge link group G(r) has precisely two parabolic
generating pairs up to equivalence, and every Heckoid group G(r;n) has a
unique parabolic generating pair up to equivalence.
Thus in the complement of the Riley slice are isolated points accumulat-
ing at the boundary of the Riley slice. Each point yields a representation
[ρ] ∈ P(F2) which is not free. For instance, the arithmetic points of the
complement of the Riley slice are the following two bridge knots and links,
[9].
• zρ = 1+i
√
3
2
: the figure of 8 knot group, a two-bridge link of slope
(
5
3
)
.
It has index 12 in PSL(2,O3). It is the only arithmetic knot, [20].
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• zρ = 1+i: the Whitehead link group, a two-bridge link of slope
(
8
3
)
and
has index 12 in the Picard group PSL(2,O1).
• zρ = 3+i
√
3
2
: the two-bridge link of slope
(
10
3
)
and has index 24 in
PSL(2,O3).
• zρ = 1+i
√
7
2
: the two-bridge link of slope
(
12
5
)
.
Additionally there are the (p,∞,∞)-triangle groups, p ≥ 3 corresponding to
the real points zρ = −4 cos2(pip ).
2 Main result.
For the remainder of the paper we will be proving the following theorem
concerning the complement of the Riley slice, roughly it shows that ‘every
group is everywhere’. Generically (a dense Gδ set) a point in the Jordan
domain Ω = C \R represents a free group. This occurs if, for instance, γρ is
not an algebraic integer. However we show below in Theorem 14 that a group
〈f, g〉 is not free if and only if γ(f, g) is a fixed point of a word polynomial
(defined below).
Theorem 3 Let γρ ∈ C \ {0} and let Γγρ = 〈f, g〉 where f and g are as (1).
Then exactly one of the following occurs.
1. There is a neighbourhood U of γρ such that for each z ∈ U the group
Γz is geometrically finite, discrete and free.
2. Let z 6= 0. Then for every neighbourhood V of γρ, there is w ∈ V so
that Γz is a subgroup of Γw.
2.1 Z2 extensions.
Before we move to the proof of this theorem we give another description of
the Riley slice which is better suited to our proof. Let φ = ±
[
0 1/
√
z√
z 0
]
.
Then φ represents an elliptic element of order 2 in PSL(2,C) and with f, g
as at (1) (and dropping the subscript ρ) we have
g = φfφ−1, γ(f, φ) = z, z2 = γ(f, φfφ−1) = γ(f, g) = γ. (3)
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The choice of square root here does not matter - only that a consistent choice
is made. Notice then that 〈f, g〉 ⊂ 〈f, φ〉 and that the index of the first in
the second is at most two. Note also that the choice φ = ±
[
0 i/
√
z
i
√
z 0
]
gives γ(f, φ) = −z.
Theorem 4 R = {γ(f, φ) ∈ C} where f is parabolic, φ is elliptic of order
two and 〈f, φ〉 is discrete and free on these generators.
In fact R = {γ(f, φ) ∈ C} as above with the additional assumption that the
group is geometrically finite.
Theorem 5 Let h = ±
[
a b
c d
]
, ad − bc = 1 be an element of PSL(2,C)
and let f be as at (1). Then there is ψ ∈ PSL(2,C), elliptic of order two,
such that ψfψ−1 = hfh−1 and γ(f, h) = γ(f, ψ).
Proof. We may suppose that γ(f, h) = c2 6= 0 for otherwise the result is
trivial. We calculate with ψ = ±
[
x y
u −x
]
, −x2 − uy = 1, that
hfh−1 =
(
1− ac a2
−c2 ac+ 1
)
, ψfψ−1 =
(
1− ux x2
−u2 ux+ 1
)
whereupon the obvious choice is x = a and u = c. Then y = −(1 + a2)/c
gives us ψ. 
This gives the following corollary (a more general result appears in [8, 18]).
Theorem 6 Let ρ ∈ R(F2) be a representation with ρ(a) parabolic. Then
there is ρ˜ ∈ R(F2) with ρ˜(a) = ρ(a) and ρ˜(b) elliptic of order two and
γρ(a, b) = γρ˜(a, b). If ρ is discrete, then so is ρ˜.
Proof. We may conjugate ρ by α ∈ PSL(2,C) so as to assume ρα(a) = f
is of the form (1) and put ρα(b) = h. We put (ρ˜)α(b) = ψ as constructed in
Theorem 5. By conjugating back, this resolves everything but the discrete-
ness. However, if 〈f, h〉 is discrete, then so is 〈f, hfh−1〉 = 〈f, ψfψ−1〉 and
this last group is finite index in 〈f, ψ〉. The result follows. 
7
2.2 Word polynomials and their semigroup.
One of the main tools we use to investigate the parabolic variety P (F2) and
hence the Riley slice is the following remarkable property of commutators.
Let m ≥ 1 and s = (si)mi=1 ∈ (Z \ {0})m. Define a word ws ∈ F2 = 〈a, b〉 by
ws = ba
s1b−1as2b · · · b∓1askb±1 · · · asmb±1 (4)
Thus the exponents of a are given by s and the exponents of b oscillate in
sign - it is immaterial whether the first exponent is positive or negative.
The next theorem was first proved in [8] by a long induction, but subse-
quently established within a more general framework in [18] via quaternion
algebras and a generalisation of the polynomial Pell equation.
Theorem 7 (Word Polynomials) Let s ∈ Zm. Then there is a polynomial
Ps ∈ Z[γ, β], monic in γ, with the following property. Let ρ ∈ R(F2) have
principal character χρ = (γ, β, β˜). Then ρw ∈ R(F2) defined on F2 ∼= 〈u, v〉
by
ρw(u) = ρ(a), ρw(v) = ρ(ws)
has principal character
(
Ps(γ, β), β, β(ρ(ws))
)
. Furthermore if ρ is discrete,
then so are ρw and ρ˜w.
Now with Theorem 6 we can see how these polynomials act on the complex
plane, and in particular the Riley slice. It is important to notice that if φ
is elliptic of order two, then any word w ∈ 〈f, φ〉 is a good word since the
alternating sign condition is redundant, and since initial and terminal powers
of f are immaterial to the calculation of γ(f, w). We therefore make the
following definition. Suppose w ∈ 〈a, b|b2 = 1〉. Write w = am1bam2 · · · bamn ,
mi 6= 0 for 2 ≤ i ≤ n− 1, let s = (m2,m3, . . . ,mn−1) and define
pw(z, β) = Ps(z, β).
Theorem 8 Let (γ, 0,−4) be the principal character of an irreducible rep-
resentation ρ ∈ R(F2) and w ∈ ρ(F2), then (pw(γ), 0,−4) is the principal
character of a representation ρw ∈ R(F2). In addition ρw is discrete if ρ is.
Proof. The group ρ(F2) is conjugate to the group 〈f, φ〉 with f parabolic
and φ of order 2 and γ(f, φ) = γ) as above in §2.1 and so we may suppose
the image is in fact this group. If w ∈ 〈f, φ〉, then as noted above, φ = φ−1
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the alternating sign condition in Theorem 7 is redundant, w has polynomial
pw. The group 〈f, w〉 is then discrete with 〈f, φ〉 and has principal char-
acter (pw(γ), 0, β(w)). Theorem 6 then implies (pw(γ), 0,−4) is a principal
character, discrete with 〈f, w〉. 
Corollary 1 If pw is a word polynomial and z ∈ C \ {0} has 〈f, g〉 discrete
as at (1), then pw(z) is also a point of discreteness.
Proof. Observe that z = γ(f, φ). 
Let us give a few simple examples of these polynomials when f is parabolic
and h is arbitrary. Set γ = γ(f, h).
Table 1. Some examples of word polynomials.
Polynomial word Polynomial word
γ2 hfh−1 4γ2 hf 2h−1
γ(1− γ)2 hfh−1fh γ(1 + γ)2 hfh−1f−1h
γ(1− 2γ)2 hfh−1f 2h γ(1− 4γ)2 hf 2h−1f 2h
γ2(2− γ)2 hfh−1fhfh−1 γ2 (324γ2 − 180γ + 25) hf 3h−1f−3hf 3h−1
There is a semigroup operation on the words ws which is easiest explained
as follows:
s ∗ t↔ ws ∗ wt = wsat1w−1s · · ·wsatmw−1s (5)
That is we replace every instance of b in wt by ws. Thus s ∗ t ∈ Zmn+m+n
when s ∈ Zm and t ∈ Zn.
It is not too hard to see this corresponds to polynomial composition.
In general Ps∗t(γ, β) = Ps(Pt(γ, β), β), however we have β = 0 and which
simplifies things a bit to the following.
Corollary 2 If pw is a word polynomial and z ∈ C \ {0} has 〈f, g〉 discrete
as at (1), then pw(z) is also a point of discreteness.
Theorem 9 If pw and pv are word polynomials, then so is pw ◦ pv. In fact
pw ◦ pv = pw∗v.
2.3 The Julia set of the word semigroup is the exterior
of the interior of the Riley slice.
Let
G = {pw(z) : w is a good word}
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We have seen that G is a family of polynomials closed under composition
- thus forming a semigroup. It turns out that G is infinitely generated as
there are infinitely many polynomials of prime order. We wish to use the
mixing properties of the semigroup G on its Julia set to establish our main
result. The dynamical theory of semigroups of polynomial mappings, or
more generally semigroups of rational mappings, was initiated in [11] as a
generalisation of the theory of iteration of rational mappings. Since then it
has grown more broadly, see for instance the work of Sumi, Stankewicz and
Urban´ski [24, 26, 27] etc. We begin with a few definitions.
The Fatou set of a polynomial semigroup G, F (G), is the set of all z ∈ C
which admit a neighbourhood z ∈ U so that the family G|U is normal on U
– every sequence contains a locally uniformly convergent subsequence. The
Julia set of G is J(G) = C \ F (G). By definition F (G) is open and hence
J(G) is closed. Unlike the case of polynomial iteration these sets are not
completely invariant but we summarise some basic facts in the next lemma.
Lemma 1 Let G be a rational semigroup.
• For any g ∈ G,
– g(F (G)) ⊂ F (G), and g−1(J(G)) ⊂ J(G)
– F (G) ⊂ F (〈g〉), and J(〈g〉) ⊂ J(G)
• If J(G) contains at least three points, then J(G) is a perfect set.
• If there is some g ∈ G such that deg(g) ≥ 2 and J(G) contains at least
three points, then J(G) is the smallest closed backward invariant set
containing at least three points. Here we say that a set A is backward
invariant under G if for each g ∈ G, g−1(A) ⊂ A.
• If J(G) contains at least three points, then
J(G) = {z ∈ Cˆ : z is a repelling fixed point of some g ∈ G}
The next result from [12] will be important to us. It is a consequence of
the fact that a finitely generated polynomial semigroup has uniformly perfect
Julia set. It gives a criteria for the Julia set to have nonempty interior.
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Lemma 2 Let p(z) and q(z) be polynomials of degree at least two. Suppose
that z0 is a common fixed point of p and q, p(z0) = q(z0) = z0, that p has
z0 as a super-attracting fixed point - p
′(z0) = 0, and that z0 ∈ J(〈q〉). Then
J(〈p, q〉) contains a neighbourhood of z0.
Now applying these results in our setting we have a first result.
Corollary 3 The Julia set of the word semigroup G contains a neighbour-
hood VG of 0.
Proof. G contains the two polynomials z p7→ z2 and z q7→ z(1− z)2 both with
nontrivial Julia sets. The origin is a super-attracting fixed point of p. We
compute that q′(0) = 1 and therefore 0 is a parabolic fixed point lying in
the Julia set of q, illustrated below in Figure 2. The claim now follows from
Lemma 2. 
 
Figure 2. The filled Julia set of the polynomial γ 7→ γ(1 − γ)2. This set
lies in the complement of the Riley slice (Lemma 3) and has the 2-congruence
subgroup of the modular group (γ(f, φ) = zρ = 2) as a periodic cycle of period
1, the figure-eight knot group (zρ =
1+i
√
3
2
) as a periodic cycle of period 2 and
both the Gaussian integer group (zρ = i) and the modular group (zρ = 1) a
eventually periodic points of period 1. See §3 for a more general discussion
of these periodic points.
Next we show that no polynomial in G has a root in the Riley slice.
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Theorem 10 Let p ∈ G and z0 ∈ R, the Riley slice. Then |p(z0)| ≥ 1.
Proof. Suppose that |p(z0)| < 1. First, as z0 ∈ R, z0 6= 0 and (z0, 0,−4)
is the principal character of a discrete representation whose image is free
on the two generators. Then there is a neighbourhood U0 of z0 so that
p(U0) ⊂ D(0, 1). There is 0 6= z1 ∈ U0 ∩ R so that |p(z1)| < 1. Then
(p(z1), 0,−4) is the principal character of a discrete representation ρ ∈ R(F2).
This group is non-elementary as it contains a parabolic whose fixed point is
not one of those of the element of order two as γρ 6= 0. Hence the group
contains two parabolics with distinct fixed points. However the Shimitzu-
Leutbecher inequality tells is that for a nonelementary group with containing
a parabolic element f , for each g we have |γ(f, g)| ≥ 1 unless γ(f, g) = 0. 
Corollary 4 F (G) ⊃ int(R).
Proof. If z0 ∈ int(R), then there is a neighbourhood V0 of z0 containing only
discrete nonelementary representations. Each p ∈ G must have p(V0) ⊂ C\D,
that is the family must omit the unit disk on V0. This is a standard normality
criterion for families of analytic functions (c.f. Montel’s Theorem). 
Remark. Actually the Shimitzu-Leutbecher inequality is a simple conse-
quence of the fact that z 7→ z2 ∈ G. If |z0| < 1, then
z1 = γ(f, φfφ) = z
2
0 , z2 = γ(f, φfφ
−1fφf−1φ−1) = γ(f, φfφ)2 = z40 , . . .
and iterating this procedure provides a sequence of traces converging 2. This
is easily seen to contradict discreteness.
We begin to see that the word semigroup is quite remarkable - it is in-
finitely generated, closed under composition, and all the roots of all the
elements lie in a bounded region of C.
Theorem 11 The Julia set of G is the exterior of the interior of the Riley
slice.
Proof. Since the Julia set is closed, since the discrete representations outside
the Riley slice are isolated, and having in hand Corollary 4, it is enough to
show that for any (z0, 0,−4) which is the principal character of a non-discrete
representation G is not normal in a neighbourhood of z0. Then suppose that
〈f, φ〉 is not discrete, f parabolic, φ of order two, and z0 = γ(f, φ). Since
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〈f, φ〉 is not discrete there is a sequence wi ∈ 〈f, φ〉 with wi → identity in
SL(2,C). Then
pwi(z0) = γ(f, wi)→ 0
Then for all i sufficiently large, pwi(z0) ∈ VG, where VG is given in Corollary
3. It follows that there is i0 and an open U0 about z0 so that pwi0 (U0) ⊂ VG.
Since G is not normal on any open subset of VG and since G ◦ pwi0 ⊂ G,
the semigroup G cannot be normal on U0 or on any open subset of it. Thus
z0 6∈ F (G) and hence z0 ∈ J(G) and this completes the proof. 
We believe this is the first example of a polynomial semigroup whose Julia
set is a Jordan domain in C. Is it a quasi-circle ?
2.4 Completion of the proof.
Let z0 ∈ C \ {0} and let λ ∈ C \ R, λ 6= 0, a point in the complement of the
interior of the Riley slice. Our target group is
Γ0 =
〈[ 1 1
0 1
]
,
[
1 0
z0 1
]〉
whose principal character is (z20 , 0, 0), and we are seeking a supergroup of Γ0
near
Γλ =
〈[ 1 1
0 1
]
,
[
1 0
λ 1
]〉
.
Let 〈f, φλ〉 ⊂ PSL(2,C) be the Z2 extension of Γλ with principal charac-
ter (λ, 0,−4), so
φλfφ
−1
λ =
[
1 0
λ 1
]
The closure of the backward orbit of z0 under the polynomial semigroup
G,
G−1(z0) = {p−1w (z0) : pw ∈ G}
is closed, contains more than three points (use the identified polynomials in
Table 1.) and hence contains the Julia set of G by Lemma 1. This Julia
set is the closure of the complement of the Riley slice by Theorem 11. In
particular every neighbourhood of λ contains such a preimage.
We have now shown that every neighbourhood of λ contains a point ζ for
which there is a word w in the abstract group Z ∗ Z2 for which pw(ζ) = z0
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for any representation for which the image of the Z factor is represented by a
parabolic (and the image of Z2 is not trivial). Thus let 〈f, φζ〉 ⊂ PSL(2,C)
have principal character (ζ, 0,−4). The subgroup 〈f, wζ〉, where we replace
the abstract word with instances of f and φζ , has principal character
(pw(γ(f, φζ)), 0, β(wζ)) = (pw(ζ), 0, β(wζ)) = (z0, 0, β(wζ))
Therefore the subgroup 〈f, wζfw−1ζ 〉 has principal character (z20 , 0, 0) and so
is conjugate to Γ0. Finally we observe that the word wζfw
−1
ζ has an even
number of occurrences of φζ(= φ
−1
ζ ). Thus wζfw
−1
ζ ∈ 〈f, φζfφ−1ζ 〉 and hence
〈f, wζfw−1ζ 〉 ⊂ 〈f, φζfφ−1ζ 〉
On the left-hand side here we have a conjugate of Γ0 and on the right-hand
side we have a group generated by two parabolics arising from the point ζ.
This completes the proof. 
We have the easy consequence in a very special case.
Corollary 5 Let λ be a point in the complement of the Riley slice. Then
every neighbourhood of λ contains a point ζ so that Γζ contains the figure-
eight knot group as an infinite index subgroup.
There have been attempts to describe the Julia sets of polynomial semi-
groups algorithmically, see [25]. In our case we have an alternative description
of the Julia set and so can make some comparisons. We lexicographically or-
dered the first few thousand words, found the polynomials and the calculated
their roots, and also the preimages of the figure-eight knot group. These are
shown below in Figure 3. In each case we obtained around 20-40 thousand
distinct points. There appears to be a strong clustering to the real axis, and
it is very difficult to get near the boundary with these ideas.
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Figure 3. The Riley slice. Left with polynomial roots. Right with backward
orbit of Figure-eight knot group and its symmetries
3 Iteration and Nielsen classes.
In [2, 3] it is proved, as a consequence of their classification, that a discrete
group generated by two parabolics has either one or two Nielsen classes of
parabolic generating pairs. This actually gives a new criterion for discrete-
ness. Here we wish to show that this is far from the case for a dense family
of groups in the complement of the Riley slice.
Theorem 12 Let N ≥ 1 be an integer. Then the set of points in the com-
plement of the Riley slice representing a group generated by two parabolics
with at least N distinct Nielsen classes of parabolic generating pairs is dense.
Let w ∈ 〈f, g : f∞ = g2 = · · · = 1〉, and ∗ the semigroup operation as
described at (5). Then γ(f, w) = pw(γ(f, g)) for a monic polynomial pw with
integer coefficients. We define the n-fold product,
∗nw = w ∗ w ∗ · · · ∗ w, w occurs n times,
and observe that
p∗nw(z) = p(n)(z) = p(p(· · · p(z) · · · ))
is the nth iterate of p. Let γ1, γ2, . . . , γ2N−1, γ2N be a periodic cycle of length
2N . Thus zi = p∗i(z1), zi 6= zj if i 6= j, pw(z2N) = z1 and there are at least N
distinct values in the set { γ2i : i = 1, . . . 2N}. Here the cycle {zi} may be in
the Julia set or in the bounded components of the Fatou set of the poynomial
pw. We first observe the following easy lemma, see Figure 2, which is also a
corollary of Theorem 10.
Lemma 3 Let w be a good word with polynomial pw. Then the filled Julia
set of pw, the complement of the attracting basin of the super-attracting point
∞, lies in the complement of the Riley slice.
Proof. The boundary of the filled Julia set is the Julia set. The semigroup
G contains pw and cannot be normal on its Julia set. Thus every Julia set
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lies in the complement of the Riley slice and since this complement is simply
connected the result follows. 
We say that the group Γγ,
Γγ =
〈[ 1 1
0 1
]
,
[
1 0
γ 1
]〉
,
is periodic of period m, or eventually periodic of period m, if there is a good
word w and γ is such a point for pw.
Theorem 13 Let Γγ be 2N periodic. Then Γγ has at least N Nielsen distinct
pairs of parabolic generators.
Proof. Let w be a word and suppose γ lies on a periodic cycle of length
2N of pw, Denote this cycle by γ = γ1 6= . . . 6= γ2N , pw(γ2N) = γ. Let
Γ(2) = 〈f, φ〉 be the Z2-extension of Γγ with principal character (γ, 0,−4), as
in §2.1. Then consider the subgroups 〈f, ∗iw〉. They have principal character
(γi, 0, β(∗iw)). For i ≥ 1 the groups
Γi = 〈f, (∗iw) ◦ f ◦ (∗iw)−1〉 ⊂ Γγ
as there is an even number of occurrences of φ in the word (∗iw)◦f ◦(∗iw)−1.
The principal character of these groups is (γ2i , 0, 0) = (p
(i)
w (γ)2, 0, 0) and since
there are at least N distinct values here, there are at least N distinct Nielsen
classes as γ is an invariant of the Nielsen class. Now notice that γ2N+1 = γ
and hence Γ2N+1 ⊂ Γγ is actually conjugate to Γγ. Of course this conjugacy is
a bijective homomorphism. It follows that the chain of iterates and subgroups
is a chain of equalities,
Γγ = Γγ1 = Γγ2 = · · · = Γγ2N = Γγ.
We have identified at least N distinct Nielsen classes of generators and so
the theorem is proved. 
Since high order periodic points are dense in the Julia set of a polynomial,
and since Julia sets of word polynomials are dense in the complement of the
Riley slice, Theorem 12 follows directly.
Finally we establish the following related theorem alluded to earlier.
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Theorem 14 A group Γγ generated by two parabolics is not free if and only
if γ is a fixed point of a word polynomial. Further, if γ is eventually periodic,
then Γγ is not free.
Proof. If γ is eventually periodic for, say pw, then we may iterate until we
get to some n with p◦nw (γ) = γ0, which is a fixed point for this polynomial.
Since subgroups of free groups are free, it is enough to show that Γγ0 is not
free where γ0 is fixed by some word polynomial pw0 . As above we find that
the group generated by two parabolics 〈f, g〉, γ0 = γ(f, g) is conjugate to the
group generated by two parabolics 〈f, w0fw−10 〉, γ(f, w0fw−10 ) = pw0(γ0) =
γ0, and so this latter group is both a subgroup and a conjugate of the former.
Thus 〈f, w0f−1w0〉 = 〈f, g〉. In particular w0 ∈ 〈f, w0f−1w0〉. In these
generators w0 can be expressed as a word containing an even number of w0’s.
It follows the group is not free. Next, suppose that Γγ is not free. Then
the Z2 extension 〈f, φ〉, γ = γ(f, φ), is not free on its generators either. Let
u ∈ 〈f, φ〉 be a maximally reduced nontrivial word representing the identify.
We can write u in the form
u = fawf bφf c = identity
where w starts and ends in φ and possibly a and/or c are 0. Now w is a
good word with polynomial pw, but also as words in this particular group,
w = f−a−cφf−b. We calculate that
pw(γ) = γ(f, w) = γ(f, f
−a−cφf−b) = γ(f, φ) = γ.
This is what we wanted to prove. 
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